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TECHNICAL NOTE 2017 

A SMALL -DEFLECTION THEORY FOR CURVED SANDWICH PLATES 
By Manuel Stein and J. Mayers 

SUMMARY . 


A small -deflect ion theory that takes into account deformations due 
to transverse shear is presented for the elastic -behavior analysis of 
orthotropic plates of constant cylindrical curvature, with considerations 
of buckling included. The theory is applicable primarily to sandwich 
construction. i 


INTRODUCTION 


The usual sandwich plate as used in aircraft construction consists 
of a light-weight, low-stiffness core material bonded or riveted between 
two high-stiffness cover sheets. The elastic behavior of' such plates 
under loading cannot be analyzed by conventional plate and shell theories 
since these theories neglect deformations due to transverse shear, an 
effect which may be of great importance in sandwich construction. 

Many authors have considered transverse shear deflections in 
analyzing the elastic behavior of flat sandwich plates by means of 
small-deflection theories, (see, for example, references 1 to 4). Most 
of this work has been concerned with sandwich plates of the isotropic 
type (e.g. Metalite, cellular -cellulose -acetate core). In reference 3> 
however, sandwich plates of the orthotropic type are also considered 
(e.g. corrugated core). 

The treatment of curved sandwich construction in the literature 
has not been as general as that accorded flat sandwich construction, 
although several specific studies of the isotropic sandwich plate have 
been published. These studies have covered (a) simply supported, 
slightly curved isotropic sandwich plates under compressive end loading, 
(reference 1), (b) axially symmetric buckling of a simply supported 
isotropic sandwich cylinder in compression (reference 1) and (c) a 
nonbuckling small-deflection theory for isotropic sandwich shells which 
takes into account not only deflections due to shear but also the effects 
of core compression normal to the faces (reference 5.) • 
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The need for a general theory for curved sandwich plates which is 
applicable to orthotropic as well as isotropic types and which includes 
both deflection and buckling effects has led to the development of the 
theory presented in this paper. This theory, which takes into account 
deflections due to transverse shear, covers those types of sandwich 
plates having constant cylindrical curvature, similar properties on 
the average above and below the middle surface , and essentially constant , 
core thickness. 


SYMBOLS 


D= 


D X , Dy 


®xy 

Do , Dr 


J v % 


E 

E c 


'Q 


j x> 


E-, 


G 


xy 


flexural stiffness of isotropic sandwich plate, 


inch -pounds 


E s t gh‘ 


2 


\2(l - \x 2 )J 

flexural stiffness of ordinary plate, inch -pounds 


Et- 


^12(l - p 2 ) 


flexural stiffnesses of * orthotropic plate in axial and 
circumferential directions, inch-pounds 

twisting stiffness of orthotropic plate in xy -plane, 
inch-pounds 

transverse shear stiffnesses of orthotropic plate in axial 
and circumferential directions, pounds per inch 

transverse shear stiffness of isotropic sandwich plate, 
pounds per inch 

Young's modulus for ordinary plate, pounds per square inch 

Young's modulus for faces of isotropic sandwich plate, 
pounds per square inch 

extensional stiffness of orthotropic plate in axial and 
circumferential directions, pounds per inch 

shear stiffness of orthotropic plate in xy-plane, pounds 
per inch 

Lp, W -1 , L n, v 2 } V - ^ mathematical operators defined in section 

entitled "Theoretical Derivations 
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M x , My resultant bending moments on plate cross sections perpendi- 

J cular to x- and y-axes, respectively, inch-pounds per 

inch 

M xy resultant twisting moment acting on cross section perpendi- 

. cular to x- and y-axes, inch-pounds per inch 

N x , Ny resultant normal forces in x- and y-directions, pounds per 

inch 



Qx> Qy 


h 


r 

t 

^s 

u, v, w 


x, y, z 

?xy 

€ X > €y 

P 

My 


resultant shearing force in xy -plane, pounds per inch 

lateral loading, pounds per square inch 

resultant shearing forces in yz -plane and xz -plane, 
respectively, pounds per inch 

depth of isotropic sandwich plate measured between middle 
planes of faces, inches 

constant radius of curvature of plate or cylinder, inches 

thickness of ordinary plate, inches 

thickness of face of istropic sandwich plate, inches 

displacements in x-, y-, z-directions, respectively, of a 
point in middle surface of plate, inches 

rectangular coordinates 

shear strain 

normal strains in axial end circumferential directions 
Poisson's ratio for ordinary plate 

Poisson's ratios for orthotropic plate, defined in terms 
of curvatures - 

Poisson's ratios for orthotropic plate, defined in terms 
of normal strains 


P'x> P'y 
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THEORETICAL DERIVATIONS 
General Theory 


In developing the equations of equilibrium for the orthotropic 
curved plate element, shown in figure 1, the basic assumptions made are 
that the materials are elastic, that the deflections are small compared 
with the plate thickness, and that the thickness is small compared with 
the radius of curvature. The last assumption implies that the shear 
forces N X y and Nyx are equal and that the twisting moments M X y 
and Myx are equal. 

Eleven basic equations . - As in ordinary curved-plate theory, eleven 
equations exist for orthotropic curved plates (considering deflections 
due to shear) from which the displacements acting in the plate can be 
determined. The eleven equations consist of five equilibrium equations, 
three equations relating resultant forces to strains, and three equations 
relating resultant moments with curvatures and twist. 


The first five equations, expressing force equilibrium in the x- 
and y-directions, moment equilibrium about the x- and y-axes, and force 
equilibrium in the z -direction, sire 


5% . »xy . 

sr sr ~ 0 


(la) 


Ji + ?5st..o 

oy ax 


(ib) 


SMx SMxv 


(lc) 


SMv SM X v 


(Id) 


SQx dQy d 2 w /i c£w\ d 2 w 

- - 2 - + N y — + nJ± + — ) + 2Nxy + q = 0 


5T * sr + 


(le) 
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It should he noted that in these equations, higher- order terms have 
been neglected in accordance with considerations similar to those of 
reference 6 . 

For the orthotropic curved plate, the relations between the 
resultant middle -surface forces and the middle -surface strains are 
(see appendix) 


N„ = 


E x 


X 1 - Ll ' Ll' 

H x^y 


[§u . /dv w 

te + ^ vte • ? 


(2a) 


N = IZ (|X - H + n' x 

V 1 - r * x Sc 


(2b) 


N X y - G xy^ + || 


(2c) 


From reference 3, the corresponding relations between resultant 
moments and curvatures and twist are 


D x 

d 2 w 

_ _1_ 

SQx 


_ i 


1 - Sc^ 

Sc^ 

D 0x 

ST 



^7 

% 

<3^w 

1 


(& w 

i 

*x\ 

1 ~ HxHy 

dy 2 

' D< v 

3y 


■ D Qx 

Sc ) 


(3a) 


(3b) 


M _ 1 ( p ^ 1 aQ y 1 S Q X 

xy 2 ST5y Dq Sc Dq 15y ~ j 


(3c) 


Equations (l), (2), and (3) are the eleven basic equations necessary 
for determining the forces, moments, and deflections acting in the plate. 
The number of equations can be reduced to five, however, by .substituting 
equations (2.) and (3) into equations (l). In this manner, five 
differential equations are obtained for determining the resultant 
transverse shear forces Q x and Qy and the displacements u, v, and w. 
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The eleven basic equations presented are not restricted to 
deflection problems alone but may be applied to buckling problems as 
well by considering the changes that occur during buckling and modifying 
equations (l) accordingly. For equilibrium of the curved plate element 
after buckling equations (l) can be written with R x , R xy , R y , Q x , 

Mx, M xy , M y , and w replaced by N X() + R X;l , Nxy 0 + N xyi , . . . , wo + wi, 

respectively, where the subscript 0 refers to values prior to buckling 
and the subscript 1 refers to changes in these values that occur 
during buckling. For equilibrium of the curved plate element prior to 
buckling the following equations apply: 


a»xo 

~sr * ' 0 


° K yo . an xyo _ „ 

T ir s0 


^Qxo ^Qyo <£vo 

sr * sr + o^r + 

Subtracting the previous equations from equations (l) (as modified) 
gives the following equilibrium equations which apply to buckling 
problems : 


dMxo dMxy 0 

"ST + “5T~ 

d% 0 dMxy 0 

dy + ~5x “ 0 

h d 2 wo \ S^wo 

N yo(? + $y2~) + 2Nx yo + * = 0 


^N X ]_ ^ N xyj_ 

■sr + ~5T" = 0 




^Ny, SNxy, 

^T + -^- =0 


' (4b) 
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Q 


*1 


dM 


l xyi 


*1 - isr + -w* - 0 


(4c) 


V " ~5T + ~ST" = 0 


(4a) 


dQ. 


' X 1 




n- 


5f + IF + H *o ^2 

1 ^ 2 (wo + wi) 


^“l „ ^(”0 + w i) 

" * + 


N 


yo 


dy 2 


y± 




+ 2N> 


*\2 
d wi 


^0 dx dy + ^1 dx dy 


3 2 (wo + wi) 

. ” TT = U 


(4e) 


S 2 w i ^wi d 2 wq 

In equation (4e) the terms N x ^ > Ny^ , and Nxy-j_ ^ ^ may be 

^wi c) 2 w^ 

neglected since they will be small compared to N x ^ — — , Ny^ , 


d 2 w x 


and N X y^ ^ Also, if the deflection prior to buckling is zero or 

constant as occurs for many problems (e.g. axial compression, hydro- 
static pressure), all derivatives of wq vanish. For this type of 
problem equation (4a) becomes 


^Qx^ c^w-l 


~5T + St * " x ° * %o ^2 


d 2 w-, Ny x d 2 w n 


(lie') 


The six equations relating changes in middle -surface resultant' 
forces with buckling strains and changes in moment with buckling distor- 
tions are identical with equations (2) and (3) with the subscript 1 
added to N x , N^y, Ny, Oxj Qy, M x , Jfy, u, > and w. 

The eleven equations given by equations (4), and equations (2) 
and (3) (with subscript 1), apply to buckling problems in general 
(with equation (4e) or (4e') as required) and can be used to obtain 
the critical values of the loads acting on the plate. As is shown in 
the next section, however, for the case in which the deflection prior 
to buckling is zero or constant, the eleven equations can be suitably 
combined to yield three equations in w, Qx, and Qy, a form convenient 
for application to plates of sandwich construction. 
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Reduction to three equations for buckling problems in which the 
deflection prior to buckling is zero or constant .- The reduction of the 
eleven equations to three equations in w, Q x , and Qy is achieved in 
several steps as follows: 

By differentiating equation (4c) with respect to x, equation (4d) 
with respect to y, and adding the results to obtain the relationship 

8q x ^ s2m x-l ^^xy^ ^ M y 1 

cbc + 8y ^ x 2 ” 2 8x 8y + 2 

equation (4e') may be rewritten as 


82m 


[ *1 


82m 


8x 2 


- 2 


l xyi 


8 2 m 




N- 


dx 8y dy 2 


'n 

r 


>.2 *2 >s2 

a v-i o Wn a Wt 

+ N *o + %o^r + 5^F 


= 0 


(4e") 


Next, equations (2) and (3) (with subscript 1) are substituted 
into the equilibrium equations (4a) to (4d) and (4e'') to give 


8x 2 


+ P 


8 2 Vq 

y 




8wq 

8x 


i 1 



d^l \ 

8x 8y J 


= 0 


(5) 


S 2 ^ i 8wq 82uq / 

-tST*' 1 '* 5T5F + l 1 



% \8x 2 



Qxq + 


• Dx / d 3 wj 
1 - Mx^xSx 3 


1 ° Q xq 8 3 wi p y ^ Q yi^ 

d Q x 8X 2 8x Sy 2 


1 TV-i /p ^ 3wi 1 ^ 2QX1 1 - 0 

2 M a* V 5 ' % ay 2 " \ " 


(6) 


( 7 ) 
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vi 


1 ^%1 


S3v]_ 


'^ 2 ^X 1 N 


^1 + 1 - h x l^\dy3 " DQy dy2 + ^ c*2£)y " DC& 8 x by) + 


In f 2 ^ 3wi 
2 y i dx 2 dy 


Dq^ dx dy D, 


i_ ^ Q yi^ 
dx 2 y 


=y - 


,Q y 


+ w . v *i) . 


= o 


~Wn 


Ll)W1 - r(i - n>' y )\ST ■ ~ + ^' x BT) - \ N *0 ^2 


+ N- 


dx £ 


yo 


d^Wq 

8?~ 


2N 2 


d^Wq 


\ - J_ 

D x ^xq ^ 

^ ^Py . x p ^ 

8 3 Qxq 

7 

1 - ^Sc^y 8x3 


dx dy 2 


,1 

Dy *^1 , 

/ ^x 

Pq 

^y 

1 ” ^x^y dy3 

\1 - M-x^y 


- D xy 


*\q 


dx 2 d; 


ou 


= 0 


where Lq is the linear differential operator defined by 


Dx 


(8) 


(9) 


t - ^ d^ ( ^y°x ^xDy \ d^ Py 8^ 

\ - M-x^y a? “ ^x^V •*■ " ^x^V/dx^dy 2 ■*■ " ^x^V dy^ 


At this point, six equations have been eliminated leaving five equa- 
tions, (5), (6), (7), (8), and (9) in uq, vq, vq, Q^, and Q n . 

A further reduction in the number of equations and unknowns is 
effected by first solving equations (5) and (6) to obtain relations 
from which u^ and v^ can be determined, and then substituting 

for u^ and v^ .in equation (9)* The expressions obtained by solving 

equations (-5) and (6), in accordance with the rules governing the 
multiplication of linear operators, are 
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rLEUi = |i'y 


Gxy d 3 wq 
E y dx3 


Gxy d 3 wq 
E x dx dy 2 


( 10 ) 


and 


tLevi = 





Gxy^wq 

Ey /^x2^y 


+ 


Gxy 5 3 wq 
Ex , Sy3 


(ID 


where Le is the linear differential operator defined by 


l e-^ 


S? + 



mi G xy\ ^ + G xy ^ 

y Ey y ^x2^y2 E x dy4 


The relationships given by equations (10) and (11) may be written 
in a form more suitable for substitution into equation (9) by differen- 
tiating equation (10) with respect to x, equation (11) with respect 

du-i dvq 

to y, and then, symbolically solving the equations for and 

respectively, to give 


duq 

sr 



Gxy d**Vq _ Gxy dVj \ 




rE x d X 2£)y2 y 


cWq 

dy 



^'y 

r <3x2 dy2 


+ 


^xy ^ V 1 

rE x Sy^ / 


( 12 ) 


(13) 


where Le ^ is defined by Le ^ LEwq ) = Lg ( Lj; ”^wq) = wq. The inverse 

operator Le”'*' is similar to the inverse operator V”\ defined in 

reference 7 > and, as is shown subsequently, Lg~ G reduces to V - ^ for 
the special case of the isotropic plate. Substituting the expressions 
du-^ Sv^ 

for and from equations (12) and (13) into equation (9) and 

w _i I w q \ 

replacing — by Le 1 Lg — 1 results in the following equation: 
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T ®xy T -l ^^ w l 

Ld “i*^ Le ST' 


c£w n 


N 


+ N-v 


C^Wi 


+ 2N-y 


^2wn 


1 

D x d 3 Q x . 

D Qx 

1 _ ^x^y dx 3 

1 

Dy 


1 - ^xM-y £y3 


x 0 Sx 2 T x, yo ^2 T ^*yo sr^y 

+ /_S£c_ + ix' 


* X 1 


'xy 


<& dy 2 

\a 3 Q ; 


n + / ^ + d | Qxi 

3 y 1 " HxM-y Xy / dx dy 2 


= 0 


(U) 


At this stage, the original 11 equations have been reduced to the three 
equations (lb) } (7), and (8), in the three unknowns wq, Qxq> 311(1 Qyq- 

For most problems, equations (l^), (7)> and (8), together with 
proper boundary conditions, can determine the elastic stability criteria - 
for an orthotropic curved plate subjected to middle -surface loadings. 

It should be noted, however, that the three equations are not sufficient 
if boundary conditions are specified on the displacements uq and vq. 
For. boundary conditions on uq and vq, as well as wq, equations (10) 
and (11) must also be employed. When boundary conditions are not 
specified on uq and vq, .(the case when only equations (1*0, (7), 
and (8) are used) certain boundary conditions are implied, nevertheless, 
by equations (10) and (ll), consistent with the expression for wq. A 
discussion of similar implied boundary conditions on uq and vq is 
included in reference 7- 


Special Cases of Buckling Equations 

Isotropic curved sandwich plate with non-direct -stress -carr ying 
core . - For the isotropic sandwich plate with non-direct -stress -carrying 
core, the physical constants bear the following relationships to those 
of the orthotropic plate, 

D Q X = D 0y = D Q 

Hx = Hy = l-l'x = H'y = H 

Dx = Dy = D s (l - H 2 ) 

D xy = D s d “ t 1 ) 
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E x - Ey - 2E s t s 


„ E s t s 

^ " 1 + U 


These relationships permit equation (l4) to be simplified as follows: 

^ 2 - 8 2 , 


D S V wp + 



, *4 

V-4 3 P- . 

r 2 

dx* 

Ds o| 

^Qy]_ 

d Q 

\ 8x 1 dy 


Iff ^ W 1 j. fjj ^ W 1 + op ^ v l) 

x ° £g- n to 2M *ro 5E-^/ 


= 0 


(15) 


where 


V 2 . 2. + aL 

cfcx 2 cfy 2 

dx Sx.dy dy 

and V is defined by V~^(v^wp) = vHv -J twp) = wp. 

In this case, however, equations (7) and (8) are not needed to 

dQ X p dQy 1 

obtain the quantity — — + — — , since this quantity can be found more 

ax ay 

conveniently from equation (4e ' ) . From equation (lie'), therefore, 


8Qxp ^Qyp /Ny-, c^wp 8 2 wp 8 2 wp \ 

sr * V ‘ '( r Hx °sr + "ro ♦ 2H ^o sriJ 

dQxp ^Qyp 

Substituting for ^ ^ in equation (15) gives 
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Sx 




(■ ■ s^)K S 1 * ■>« g? • -. 0 1%) ■ • ™ 

The term “%qy r > which appears in equation (l4) for the orthotropic 

Qxv -1 dV). 2t s E s _k c^wq 

plate as Lg — r— , reduces to — - — V — r— for the case of the 

r d Sx 4 <3x 4 

isotropic plate. If this result is used in equation (l6), the equation 
of equilibrium for the isotropic curved sandwich plate with non-direct- 
stress -carrying core becomes 


D s v wq + 1 


Ds 

V 

C^Wq 


2t s E s _4 dVq 
_r= V 3?" 

d^wq 


C^Wq 


> + "yo * 2Bx yo srsj 


= 0 


(17) 


If the radius is taken infinite, equation (17) becomes equivalent 
to equation ( 71 ) of reference 4. 

Isotropic curved plate, deflections due to shear neglected . - The 
present theory can be reduced to a known theory for ordinary curved 
plates by appropriate substitutions for the physical constants. For an 
ordinary plate, the physical constants become 

Dq = Do = 00 (no shear deflections) 

x 

^ = Hy = H' x = d'y = H 

D x = D y = D(1 - |1 2 ) 

D xy - D(i - t.) 


J xy 


Et 

2(1 + 


HT 
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Upon substitution of these constants into equation (1*0, the* 
resulting equation becomes independent of equations (7) and (8) and 
the equilibrium equation of the ordinary curved plate, therefore, is 
given by 


DVwq + — V' 
r 2 


-4 o 




dSh 

N y ± 

X °8x 2 


+ N- 


TO 




(18) 


Equation (l8) is equivalent to the modified equilibrium equation for 
ordinary curved plates presented in reference 7. 


CONCLUDING REMARKS 


A theory has been developed for analyzing the elastic behavior of 
orthotropic curved plates, that takes into account the effect of 
deflections due to shear and requires the use of 12 physical constants 
to characterize the plate. Seven of the physical constants appearing 
in the equations of equilibrium are directly associated with the flat- 
orthotropic -plate theory presented in NACA Rep. 899 • The remaining 
five physical constants are included in the present theory to account 
for the . stretching under loading of the middle surface of the curved 
plate . 

For each type of orthotropic plate, the 12 physical constants may 
be evaluated either from the geometry of the cross sections and the 
properties of the materials used or by direct tests conducted on sample 
specimens. Because two reciprocal relationships exist (see appendix), 
only 10 of the constants need be determined independently. 

The theory presented in this paper does not take into account the 
compressibility of the sandwich plate in a direction normal to the 
faces. Such an effect does not enter into flat -sandwich -plate theory 
but might be of importance in certain types of curved sandwich plates 
where the elastic constants of the core material are very low compared 
with those of the face material. 

For practical sandwiches of the end-grain-balsa or corrugated-core 
types, order -of -magnitude considerations lead to the conclusion that 
the effect of core compressibility will be negligible as regards both 
buckling loads and deflections. For sandwiches with less stiff cores - 
for example, cellular cellulose acetate - the effect of core compressi- 
bility will be more important. Even for such cores, however, in the 
case of all the numerical examples given in NACA TN 1832, the effect 
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of core compressibility is negligible in comparison with the effect of 
transverse shear deformations for sandwich-type circular cylindrical 
shells. The present theory, in which the core is assumed to be 
incompressible in a direction normal to the faces, appears, therefore, 
to be applicable to most practical sandwich plates. 


Langley Aeronautical Laboratory 

National Advisory Committee for Aeronautics 

Langley Air Force Base, Va., November 22, 19^9 
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APPENDIX 

DERIVATION OF MIDDLE -SURFACE FORCE -DISTORTION RELATIONSHIPS 


The orthotropic curved plate (effects of transverse shear being 
considered) is characterized by 12 physical constants, seven of which 
are associated with flat plates, as presented in reference 3* The 
remaining five constants enter the present theory because of the 
additional stretching strain developed under loading in the middle 
surface of the curved plate. In this appendix the five additional 
constants are defined, and expressions for the resultant forces, 
involving these constants, are derived. 

Physical constants .- The seven flat-plate constants are the 
flexural stiffnesses D* and Dy, the flexural Poisson ratios p x 

and py, the twisting stiffness D xy> and the shear stiffnesses Dq x 

and E)Qy* As derived in reference 3; the first four of these constants 

are related by 


^x D y " 

The five additional constants appearing in the curved-plate theory are 
the extensional stiffnesses per inch E x and E y , the extensional 
Poisson ratios p' x and ji'y, and the shear stiffness G^. The first 

four constants are found by a procedure similar to that used in refer- 
ence 3 to be related by 


H' x E y = n'yE x 

As a result of these two reciprocal relationships , only 10 of the 12 
physical constants need be determined independently. 


The five additional physical constants are defined in the same 
manner as the flat-plate constants of reference 3} that is, by- 
considering the effect of imposing particular loading conditions on 
the element shown in figure 1. To obtain E x , for example, only the 
middle -surface forces N x are assumed to be acting on the element. 

As a result of this loading, the strain e x is induced in the middle 


surface. The stiffness E x is then defined by the relation E x 
when only N x is acting. 




€ 


X 
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The Poisson effect of the forces N x acting on the element is 
-to introduce a strain €y, negative with respect to e x , in the middle 

surface. The constant pi' x is then defined by the relation n' x = - ^ 


when only N x is acting. 


N-u 


In a similar manner, Ey, pi'y, G xy are 3- e f'l ne( l as E y = g 

e x y 

when only N y is acting, pi' = - — when only N y is acting, 
nr y * 


w xv 

and G = — *- 
xy 7 

'xy 


Resultant forces .- The relations between the elastic middle -surface 
strains and forces, satisfying the foregoing definitions, can be written 
as 


N. 


€x E. 


* Ny 


y K 


Ny N X 

e y = 17 - ~ 


y 

Gxy 


Ex 


\ 


J 


(Al) 


The three strain equations can be solved for N x , Ny, and Nxy in 
terms of the strains to give 


w s (e + u' 

x 1 - M» M» V x ^ 

X H X M- y \ 


y G y 


”y = — v>' y ( e y + M 'x €x ) } 


N xy “ G xy?xy 


(A2) 


J 
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Substituting the expressions for the middle -surface strains of a 
cylindrical section in terms of middle -surface displacements 

8u 

= S' 


8v w 
y ' “ r 


8u 8v 

7 xy = ^ + SE 

into equation (A2) gives 



These equations are used in the derivation of the equilibrium 
equations. 
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Figure 1.— Farces and moments acting on curved plate element. 
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